Abstract: Success of NASA's Phytoplankton, Aerosol, Cloud, and ocean Ecosystem (PACE) mission 1 depends critically on atmospheric correction to retrieve inherent properties of oceanic waters. 
Introduction
1 study, we focus on a very narrow spectral range where only molecular absorption cross-section varies. Thus,
where σ p (z) is the particulate (aerosol) extinction coefficient and k λ (z) is the gaseous absorption coefficient. Figure 1 shows our detailed representation of the O 2 A-band region at a resolving power λ/∆λ of 15300 using total column absorption optical depth,
Figure 1. τ O 2 in (1) versus λ at resolution ∆λ = 0.05 nm. At this resolution, maximum O 2 optical depth is ≈125. Assuming, for simplicity, an exactly exponential distribution of extinction (by absorption) in altitude, k λ (z) = k λ (0) exp(−z/H mol ), with a pressure scale height H mol = 8 km. This yields a maximum ground-level extinction of k λ (0) = 15.6 km −1 , hence a mean-free-path (or e-folding distance) 1/k λ (0) ≈ 64 m for direct transmission based on Beer's law: T( ) = e −k λ , hence = ∞ 0
|T ( )|d = 1/k λ .
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Radiance I λ (z, Ω), which has units of W/m 2 /sr/nm, obeys the 1D RT equation (RTE) 1
where µ = Ω z . The above integro-differential 1D RTE balances sinks (l-h side), namely, advection and extinction, and sources (r-h side) at position (z, Ω) in the transport space M×unit sphere (denoted hereafter as "4π"). Accordingly, q λ (z, Ω) is the known source term, expressed in W/m 3 /sr/nm, describing the injection of radiant energy at point (z, Ω), and
is the generally unknown source function describing in-scattering from any direction into Ω at level z.
1
It is customary and convenient to change the vertical coordinate from z to of reading, we will drop in the remainder the subscript z and the argument λ in (5). We then have to 3 solve the coupled equations
for I λ (τ, Ω), where
is the single scattering albedo (SSA). For completion, we need to specify boundary conditions (BCs) 5 for (6), that is, I λ (0, Ω) for µ > 0 and I λ (τ 0 , Ω) for µ < 0.
6
Consider now the so-called "formal solution" of (6), which is best formulated separately for downwelling (µ > 0) and upwelling (µ < 0) radiances: 
Substitution of (7) into (9) yields an integral 1D RTE that can be solved numerically by iteration.
7
In operator short-hand, we have I λ = K λ * I λ + Q λ , where Q λ is a generic source term, K λ is the 8 integral equation's kernel, and " * " means a convolution product. In the case of 1D RT, this convolution 9 combines both angular integration in (7) and "up-wind" (hence causal) spatial integration in (9). 
where E is the identity operator.
3
For solar illumination, we can assume Q λ (τ, Ω) ≡ 0 in (6), hence in (9), and set the upper boundary condition (BC) in (9, top option) as:
where F 0 denotes the incoming spectral solar irradiance, in W/m 2 /nm and Ω 0 is the incoming solar direction with Ω 0z = µ 0 = cos θ 0 > 0, where θ 0 is the solar zenith angle (SZA); we can set Ω 0x = 1 − µ 2 0 and Ω 0y = 0 without loss of generality. The most general lower BC for (9, bottom option) describes bi-directional reflectivity:
where ρ λ (Ω , Ω) is the bi-directional reflection distribution function (BRDF First, we will assume a black (purely absorbing) surface, i.e., the BRDF ρ λ (Ω , Ω) in (12) vanishes 11 identically. In reality, water is a highly specular reflector, even ruffled by wind. Nonetheless, we will 12 steer away from glint directions. Barring high surface wind (white caps and broadened glint) and 13 turbidity ("case-2" water), the ocean's reflectivity is extremely low, especially in the red-to-NIR region 14 where the A-band resides. This hypothesis makes the lowest atmospheric layer immaterial since it is 15 assumed non-scattering.
16
Secondly, we will neglect temperature and pressure dependencies on O 2 's molecular absorption cross-section C O 2 (λ). That leaves the gaseous absorption coefficient, k λ (z) = C O 2 (λ)× molecular density, roughly proportional to atmospheric pressure p(z). As needed, we will assume that the pressure profile is exponential, with a scale-height H mol of 8 km: p(z) ≈ p 0 exp(−z/H mol ), where p 0 = 1013.25 hPa is standard sea-level pressure. Therefore, the gaseous absorption optical depth from the TOA and pressure level p < p 0 is
with τ O 2 (λ) from (2).
17
Our third simplification is to divide the atmosphere into three distinct layers: one above the 18 aerosols (with absorbing gas only), a mixed aerosol and gas layer, and one below aerosols (again 19 absorbing gas only). See schematic in Fig. 2 . This is to say that we are concentrating the scattering by 20 aerosol particles in one well-defined layer, and the Rayleigh scattering there and elsewhere is neglected.
the pressure thickness of the layer. As needed, these key parameters can be translated into layer-top into the passive remote sensing of aerosol height using O 2 A-band measurements from space. 
Derivation

11
We will neglect hereafter all orders of scattering n ≥ 2 in the expansion of radiance in (10). Directly transmitted (a.k.a. "uncollided") radiance is
from the 2 nd term in (9, upper option) using the upper BC in (11). The singly scattered radiance in any upward direction is obtained by applying the integral kernel K λ once to the above. In other words, we substitute (14), i.e., F 0λ e
, into the definition (7), and then use the result in (9, lower option), with both q λ (τ , Ω) and I λ (τ 0 , Ω) set to 0. The outcome is
In the remainder, we will focus on upwelling radiance escaping to space (i.e., τ = 0 in the above) in
12
direction Ω(µ, φ) where µ < 0 and φ is the azimuthal angle relative to the principal plane (containing 13 the vertical axis and Ω 0 ); in particular, we will be using |µ| = cos θ, where θ is the viewing zenith 14 angle (VZA).
15
We now invoke the assumed three-layer structure in Fig. 2 
where ω p is the SSA for the aerosol particles.
1
At τ = 0, (15) then becomes:
where τ tot (λ) is defined as the denominator in (17), and the integral can be evaluated analytically. Overall, the scattering layer contributes the 2 nd line in (18), a multiplicative factor that is best written as (µ 0 /π)R(Ω 0 , Ω; ω p , τ p ; τ O 2 (λ); ∆p), where R(· · · ) is the layer's bi-directional reflection factor (BRF). Collecting expressions from (16)-(18), the observed signal in "BRF" form is
where
The term in square brackets in the 1 st line is the popular non-dimensional way of writing the phase 5 function, which gives the more familiar functional form used in the 2 nd line.
6
In the last five expressions, we have isolated with semi-colons variables from: (i) O 2 , i.e., 7 spectroscopy; (ii) solar and viewing geometry; (iii) aerosol profile, which is the A-band remote sensing 8 unknown; and (iv) aerosol properties that need to be determined from other observations. If not 9 present, the slot is still shown but left empty for consistency, and to underscore independencies as well 10 as dependencies.
11
We can now form the desired DOAS ratio by dividing (19)-(20) by its "continuum" value at
denote airmass, this works out to be
which is independent of the aerosol's SSA ω p and phase function. We note that ω p must nonetheless be non-zero, and the closer to unity the better (to boost signal). The 1 st line in (22) comes from the upper layer of absorbing gas, and the 2 nd line in (22) is from the ratio of aerosol layer BRFs with the absorbing gas mixed in divided by the same expression without the absorbing gas. A first-order series expansion of the approximate DOAS ratio in (22) in both τ O 2 (λ) and τ p , which contains the first cross-term in
We note that the correction in Mτ p /6 is necessarily quite small because (i) τ p is already small, and (ii) 2 we want to stay away from large airmasses; on both accounts, this safeguards the single-scattering for lack of resolving power.
13
More importantly, the slopes of the nearly straight iso-DOAS ratio lines need to change 
Impacts of Instrument Design
18
We will discuss passive aerosol profiling capability using the O 2 A-band for two types of 19 instrument.
20
• First, we consider a hyper-spectral sensor with 5 nm resolution that modulates the DOAS ratio,
21
via λ in τ O 2 , which occurs in three places in (22). At that resolution, it takes at most four spectral 22 pixels to cover the A-band. OCI, the minimum payload for the PACE mission, is our inspiration.
23
• Second, we consider a multi-spectral/multi-angle sensor that samples the A-band with in-band 24 and continuum channels. Such an instrument modulates the DOAS ratio via |µ|, the cosine of Because of cancelations between the middle and last factors in the 2 nd line of (22), the exponential in the numerator of the middle term has to be expanded to order 3 to obtain the first surviving cross-term in τ p τ O 2 (λ). designate our notional instrument as multi-angle polarimeter or "MAP" even though we will 1 assume no filtering for polarization in the A-band channels in the present study.
2
Finally, we will consider the capability that results from a fused OCI+MAP sensor pair that may be 3 brought together as part of a future mission.
4
The upper-left panel in Fig. 4 shows the very same spectral information as in Fig. 1 but displayed 5 as a DOAS ratio using only the first line in (22), i.e., assuming a reflective surface rather than a 6 scattering aerosol layer. We therefore set p top + ∆p = p 0 and take M = 3, as a typical value, e.g., 60
• 7 SZA and nadir viewing. and orange (one instance). In a "bad" situation, two of the three spectral pixels give the same ratio, to 15 within the noise. A "good" situation is when there are three different ratios as broadly separated as 16 possible, not counting a near-unity value. An "average" situation is anything else. In the remainder,
17
we will assume the average case highlighted in this panel.
18
Positions of those four spectral pixels are reproduced along the upper axis of the upper-left panel.
19
There is hardly any absorption in the 4 th spectral pixel. In practice, it could indeed be adopted as 20 the continuum reference wavelength, and used to form the three other DOAS ratios. As a further 21 simplification, we will use in the following a single "effective" value of τ O 2 for the spectral pixel, = 0.027 for our average case.
24
In the lower-left panel, we have the piecewise constant DOAS ratios for the four spectral 25 observations. Here again, 2% error bars are plotted. Two aerosol profiles are used. In both cases, we 26 take AOT τ p = 0.1. In one case (solid lines), the aerosol layer is between the surface and the top of 27 the planetary boundary layer set at 2 km ({p top , ∆p} = {789,224} hPa); this is a frequent occurrence.
28
In the other scenario (dashed lines), the aerosol is assumed to be lofted by synoptic winds to 3-5 km In the following, we will denote our forward model for the DOAS signal in (22) as F(x; b) where 13 x = (p top , ∆p) T is our A-band remote sensing target, so the number of unknowns in the atmospheric 14 state space is m = 2. The only quantity that is required is b = τ p , the non-retrieved property that is 15 estimated (with known uncertainty) using other spectroscopic and/or multi-angle polarimetric signals.
all the observed DOAS ratios using either/or mono-angle spectroscopic and multi-angle bi-spectral 18 sensing since both methods can modulate the key quantity in the DOAS ratio in (22) or (23), namely, 
23
To use the formalism of OE, we need to specify numerically these three variance/covariance 24 matrices:
25
• S y , for observation error on DOAS ratios, which we take as diagonal (covariances vanish),
26
assuming a relative 1.5% error (one standard deviation or "StDev"), we therefore have S yii = 27 0.015 × F i (x; b), i = 1, . . . , n;
28
• S b , for the uncertainty on b = τ p , which we took as √ S b11 = max{0.02, 0.15τ p };
29
• S a , a priori uncertainty on retrieved properties x = (p top , ∆p) T , which we also assumed diagonal, 30 with √ S a11 = 250 hPa and √ S a22 = 150 hPa.
31
To be consistent with the single-scattering model, we set τ p = 0.1 at the A-band, which translates 32 roughly to AOT ≈ 0.15 at 550 nm. That choice 3 leads to √ S b11 = 0.02.
33
Our goal is to quantify the retrievability of the aerosol profile defined parametrically in §2.2. To 34 this effect, we invoke the notion of partial Degree Of Freedom (DOF) A jj for the j th retrieved retrieved 35 property x j that is defined in (A16). As explained in Appendix A, it is closely related to "information 36 content" per se in the formalism of OE. It is actually an information gain going from the prior to 37 posterior uncertainty on x; see §A. In the remainder, we assign x 1 = p top and x 2 = ∆p. To estimate the 38 anticipated retrieval error from A jj , we use (A17). DOAS ratio for each of the three in-band spectral pixels for a single direction (assumed to be nadir).
1 Figure 5 shows A 11 for p top , and A 22 for ∆p, for this minimal PACE instrumentation as functions of 2 x T = (p top , ∆p). We see that the two extremes of DOF value are occurring.
3
The partial DOF is indeed relatively high for p top , hence excellent chances of retrievability with a 4 typical error StDev[p top ] ≈ 68 hPa (≈27% of the 250 hPa prior), from (A17) using a mid-range DOF.
5
That translates approximately to 0.6 km for aerosols in the boundary layer, and ≈0.9 km when lofted.
6
At least for small AOT, A 11 (hence StDev[p top ]) is insensitive to p top itself, and there is a slight but 7 systematic increase (decrease) with an increase in ∆p.
8
In sharp contrast, we have very low partial DOF for ∆p, hence no chance of retrievability, and we 9 see from (A17) that the uncertainty is still almost at the prior level of 150 hPa, i.e., the observations did 10 not help much. We can trace this to the fact that one cannot separate dependencies on p top and ∆p in is not enough to consider x 2 = ∆p as a reasonable target for retrieval.
29 Table 1 . DOFs for p top and ∆p, and StDev's for p top and z top , using either OCI, MAP, or both. DOFs are described by the top (∆p = 500 hPa) to bottom (∆p = 100 hPa) trend in plots such as in Fig. 5 
OCI and MAP
30
What happens when we fuse the OCI-and MAP-based estimates of the DOAS ratio into a single 31 dual-modality observation? The outcome for DOFs and StDevs is displayed in the last column of in the atmospheric column depending on injection height, synoptic winds and distance from sources.
15
We used the definitions of information content (IC) and/or degrees of freedom (DOFs) from 
28
The rationale for these RT simplifications is that we ultimately want to arrive at closed-form 29 analytical expressions for the observed DOAS ratio and, consequently, of its derivatives with respect 30 to aerosol properties, whether or not they are targets for A-band retrieval. Specifically, we considered 31 a parametric representation of the aerosol profile based on the assumption of a single aerosol layer 32 located precisely between two pressure levels. These levels are the A-band remote sensing unknowns.
33
AOT is assumed to be retrieved using other spectral channels, with a known uncertainty. Having 34 in hand the desired closed-form expressions for the DOAS observations, we computed analytically 35 every element of the associated Jacobian matrices, which are used extensively in OE theory. However,
36
we first used these rarely available analytical Jacobians to successfully predict the outcome of the 37 statistical IC analysis of DOAS signals using purely physical arguments.
38
Two future NASA missions, PACE (Phytoplankton, Aerosol, Cloud, and ocean Ecosystem) and
39
MAIA (Multi-Angle Imager for Aerosols), dictated our choices of A-band DOAS signal sampling.
40
In these scenarios, sampling is either hyper-spectral at a single viewing angle (PACE) or a simple 41 bi-spectral sampling of the A-band absorption feature at multiple viewing angles (MAIA). In short,
42
OE and simplified RT theories tell us that PACE's Ocean Color Instrument (OCI) data can support 43 the retrieval of aerosol layer's height, but not its thickness. The same conclusion is drawn for a
44
MAIA-like multi-angle/multi-spectral sensor that does not use polarization in its two A-band channels.
45
To first order, OCI has no sensitivity at all the aerosol layer's thickness. Its multi-angle/multi-spectral 46 counterpart has some thickness sensitivity, just not enough to actually retrieve it with any confidence. In future research, we will enhance our DOAS signal prediction capability by relaxing our 8 simplifying assumptions for about the properties of the atmosphere/surface system as an optical 9 medium, as well as in the ensuing RT modeling. Past a single reflection from a surface with 10 non-vanishing albedo, the cost is of course to leave the purely analytical framework and move 11 into a strictly computational one. That is, however, a necessity when dealing with the diversity of 12 real-world conditions.
13
That remark brings us to a so-far implicit assumption about the aerosol layer: its horizontal 14 uniformity that enables the use of 1D RT as an idealization of the 3D RT unfolding in the real world. layer, embedded in a spatially uniform absorbing gas, such as O 2 , is an analytically tractable problem.
18
They showed that, while moderate (indeed, observed) levels of spatial variability can affect radiances,
19
only unrealistically strong levels of variability affect the DOAS ratio. Consequently, we are confident 20 that our 1D RT results are robust vis-à-vis sub-pixel spatial variability. GRT can also be used to expedite The standard approach [37,38] to fitting a generally nonlinear forward model F(x; b) to data y is to equate them, as n-dimensional vectors in measurement space, with allowance for random error :
where x is the m-dimensional vector in a state space that contains all the parameters used to find the 30 best fit to the data; b is another vector in the space of non-or otherwise-retrieved parameters that are 31 imperfectly known to within a known amount.
32
We will consider two sources of error in : i instrumental error that affects y, and ii forward model error that affects F(x; b). Our main concern in the latter case is uncertainty on b, the parts of a larger state vector that have to be treated as given when retrieving x. Instrumental error is characterized by its n × n variance/covariance matrix
where E[·] denotes mathematical expectation, and superscript "T" means transpose. Uncertainty on the non/otherwise-retrieved parameters is defined by their variance/co-variance matrix S b , which can be converted into the equivalent S F of a measurement error matrix in (A2) by using the Jacobian matrix J b = ∂F/∂b and its transpose J T b :
Since we are confident that measurement error in y and modeling error in F(x; b) are independent random variables, their (co)variance matrices just add to form:
The classic least-squares minimization method determines the estimate
for the best possible fit of the data for model F(x; b) by finding the minimum the cost function
Assuming for the moment that Ψ y (x) is convex, one can use the iterative steepest descent algorithm:
where J = ∂F/∂x is the usual n × m Jacobian matrix, and
using an arbitrary starting position x 0 .
1
Iteration is stopped when the non-dimensional weighted sum of residuals in (A6), often denoted 2 as χ 2 /2, is ≈ n/2. However, convexity of Ψ y (x) is not in general a given for nonlinear forward models 3 such as those used in atmospheric remote sensing, which are based on solutions of RT problems that 4 are always linear in the sources and never in the optical properties of interest here. Moreover, the 5 problem can be ill-posed, that is, when S −1 x is nearly singular, 4 thus making its inversion in (A8) highly 6 unstable with respect to small perturbations in y, e.g., instrumental noise. [25] theory of optimal estimation (OE) revisits the above inverse problem of parameter estimation in the forward signal model from a Bayesian perspective, as a means for dealing with chronic ill-posedness by regularization. Bayes theorem relates two conditional probabilities and two unconditional counterparts:
where the last one is just a normalization factor of no particular interest here. P(x) is the "prior" or "a 9 priori" probability, while P(x|y) is the "posterior" probability.
10
Letting | · | denote the determinant of a square matrix, and assuming gaussian distributions, we have log
for the posterior probability of atmospheric state properties x, given data y. Also, we note thatx is a new estimate of the prevailing state vector. Bothx and S x will depend on y, F(x; b), and related quantities, as shown below. In addition, we have
for the a priori probability of atmospheric state, i.e., what we know about it before any observations are made. Finally, we have
for the probability of obtaining the specific observations y, given the atmospheric state x, i.e., probability 1 of seeing the random residuals used in (A6) to estimate the cost function Ψ y (x).
2
One then definesx as the state with maximum likelihood, i.e., that maximizes P(y|x)P(x), a product of two gaussian PDFs. In other words,
instead of (A5). The steepest descent algorithm in (A7) still applies but, rather than (A8), we now have
Although there may be better choices, one can always start the iterations with x 0 = x a . The diagonal At any rate, and contrary to (A8), the matrix inversion problem in (A14) is by design well-posed, thanks to S a . However, convergence goes tox rather than x bp in (A5). It is therefore of interest to evaluate, from (A14) and (A8), the m × m matrix
where I m is the m × m identity matrix. In OE theory, A is known as the "averaging kernel." If S a is diagonal (no prior covariances), then the diagonal terms of A are
for j = 1, . . . , m. Since, by definition, 0 ≤ S xjj ≤ S ajj , we have A jj ∈ [0, 1]. A jj is known as the partial "degree of freedom" (DOF) for the retrieved property x j . It is directly related to the anticipated retrieval error
recalling that S a is taken as diagonal. A better-known quantification of overall retrieval performance in optimum estimation theory is
which is the (implicitly, total) number of DOFs. It approximates the maximum number of state to optimize the sampling of y in a way that keeps cross-variable interference as small as possible.
13
Appendix A.4 Information Content
14
Lastly, we relate DOFs to information theoretical concepts, and thus justify our claim all along that we are quantifying IC. Following Shannon [39] , Rodgers [26] defines the increase in information (equivalently, decrease in entropy) associated with the acquisition of observations y and their processing-by, e.g., OE methods-as
when expressed in bits; ∆H ranges from 0 + (|S x | |S a |) to ∞ (|S x | |S a |). This follows directly from the expression for the entropy of a generic m-dimensional gaussian PDF, P m (E[x], S): from, e.g., (A11), we have
which is naturally independent of E[x].
15 Figure A1 illustrates for m = 2 a typical concentration of probability measure (IC increase, entropy 16 decrease) in state space when going from the prior to posterior PDFs for x. In both cases, we have 17 traced, assuming gaussian PDFs, the lines of iso-PDF value at 1/(2π) e|S|, equivalently, where areas of the two ellipsoids. Note that, while S a is diagonal (no covariance), S x is generally not.
22
Appendix B Jacobians of Simple 1D RT Model
23
We rewrite the monochromatic DOAS ratio in (22) as
where the airmass factor M is given in (21), and all the dependence on λ is via τ O 2 . The OCI µ in M. By sampling either λ and/or M, we build the n-dimensional vector-valued F λ (M; p top , ∆p; τ p ) 1 used in the main body. The m-dimensional "state space" is spanned by x = (p top , ∆p) in this study, 2 hence m = 2, and the non-retrieved parameter space contains only b = τ p .
3
To conduct our IC analysis, we use Rodgers' [25] OE theory, which calls for Jacobian matrices, 4 ∂F λ /∂x and ∂F λ /∂b. In the present case, Jacobians are more readily expressed as logarithmic partial = 1, . . . , m) , and similarly for the components of b. 6 Here, these are:
where the first two expressions are always negative. Interestingly, ∂ ln F λ /∂ ln p top in (A22) is 8 independent of both ∆p and τ p .
9 Figure A2 shows these three sensitivities as functions of the two variables sampled by different and sensitivity study concerning spectral resolution, instrumental noise, and surface inhomogeneity. for the DOAS ratio using simplified 1D RT from §2.2 as functions of (τ O 2 , M), that is, the two variables sampled respectively by spectrometers and multi-angle sensors. From left to right: x = {p top , ∆p}, and b = {τ p }. We see from (A22) that the iso-curves in the leftmost panel are hyperbolic.
